Published by Institute of Physics Publishing for SISSA/ISAS Received: June 19, 2004 Revised: September 6, 2004 Accepted: September 6, 2004

Supersymmetry and lorentzian holonomy in various dimensions

Rafael Hernández

Institut de Physique, Université de Neuchâtel Breguet 1, CH-2000 Neuchâtel, Switzerland E-mail: rafael.hernandez@unine.ch

Konstadinos Sfetsos and Dimitrios Zoakos

Department of Engineering Sciences, University of Patras 26110 Patras, Greece E-mail: sfetsos@des.upatras.gr, dzoakos@upatras.gr

Abstract: We present a systematic method for constructing manifolds with lorentzian holonomy group that are non-static supersymmetric vacua admitting covariantly constant light-like spinors. It is based on the metric of their riemannian counterparts and the realization that, when certain conditions are satisfied, it is possible to promote constant moduli parameters into arbitrary functions of the light-cone time. Besides the general formalism, we present in detail several examples in various dimensions.

Keywords: M-Theory, Superstring Vacua.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep092004010 /jhep092004010 .pdf

Contents

1. Introduction 1

2. Ricci-null manifolds 2

3. Supersymmetric waves with lorentzian holonomy 5 3.1 Six dimensions 5 3.1.1 Eguchi-Hanson 7 3.1.2 Taub-NUT 8 3.2 Eight dimensions 8 3.3 Nine dimensions 9

4. Conclusions 11

A. A general example in six dimensions 12

1. Introduction

Ricci-flat manifolds admitting covariantly constant spinors are purely gravitational supersymmetric solutions of M-theory which imply the existence of parallel spinors and constrain the holonomy group of the manifold. In particular, the maximum number of preserved supersymmetries is given by the number of singlets arising from the decomposition of the spinor representation of Spin(10, 1) under the holonomy group of the manifold. When the Killing vector constructed from the Killing spinor is time-like, the corresponding spacetimes are static vacua, and their riemannian holonomy groups have been completely classified [1]. Non-static vacua correspond to spacetimes with a covariantly constant light-like vector, and although the holonomy groups of lorentzian manifolds have not been classified, it is already known which subgroups of Spin(10, 1) leave a null spinor invariant [2]. Static spacetimes in euclidean signature satisfying the supergravity equations of motion are automatically Ricci-flat. However, in lorentzian signature supersymmetric vacua are only required to be Ricci-null [3], and Ricci-flatness therefore needs to be imposed as an additional condition.

Some metrics with lorentzian holonomy have already been discussed in the recent literature. The most general eleven-dimensional metric admitting parallel null Killing spinors was presented in [2], extending a solution considered in [4]. Relying on this extension a method was then developed in [3] to construct examples of supersymmetric Ricci-null manifolds with lorentzian holonomy, using warped products of riemannian metrics of special holonomy with pp-waves, and explicit solutions were given for d ≤ 5. However, in spite of their great physical interest there has been no general systematic approach to the

– 1 – construction of metrics with lorentzian holonomy. In this note we will try to fill this gap constructing manifolds in diverse dimensions for some of the reduced lorentzian holonomy groups admitting parallel spinors conjectured in [3], using the explicitly known form of the metric for some of their riemannian counterparts. A possible way to include timedependence is by allowing the moduli parameters of a riemannian metric to be arbitrary functions of the light-cone time. Although this might seem plausible, it is far from trivial to preserve at the same time a fraction of maximal supersymmetry and the vacuum character of the original solution. The present paper is organized as follows: In section 2 we will develop the general formalism using the supergravity and Killing spinor equations to obtain D-dimensional vacuum supersymmetric solutions with lorentzian holonomy group of the semi-direct product type G ⋉ R^{D−2} . In section 3 we will present explicitly several manifolds with lorentzian holonomy in six, eight and nine dimensions, with G = SU(2), SU(3) and G_2, respectively. To do so it will be enough to utilize a simplified version of our method. In section 4 we conclude with some remarks and comments on future work. In an appendix a general six-dimensional solution based on the four-dimensional self-dual Gibbons-Hawking multi-center metrics is constructed making use of the method in its full generality.

2. Ricci-null manifolds

In this paper we will construct and analyze in detail D-dimensional metrics admitting parallel null spinors of the general form dŝ^2_D = 2du dv + 2V_i(u, x)du dx^i + F (u, x)du^2 + g_{ij}(u, x)dx^idx^j , i, j = 1, 2, . . . , D − 2 . (2.1) When the light-cone time u is treated as just a parameter, the transverse space metrics g_{ij} (u, x) can be taken to be a family of metrics with holonomy contained in some group G ∈ SO(D − 2). We will be particularly interested in cases where D − 2 = 4, 6 and 7, with the transverse metrics respectively having an SU(2), SU(3) and G_2 holonomy group. The functions V_i and F will be determined by requiring that the full metric (2.1) is Ricci-flat and also preserves a fraction of the sypersymmetry preserved by the transverse metric g_{ij} . Then (2.1) will provide non-static M-theory vacua of the form ds^2_{11} = (dx^a)^2 + dŝ^2_D, where a = 1, . . . , 11 − D. We will use the frame basis

ê^+ = du , ê^− = dv + V_idx^i + F 2 du , ê^a = e^a_i (u, x^i)dx^i , (2.2)

where e^a_i is the corresponding basis for the transverse metric. Then, the only non-vanishing components of the spin connection are ω̂^{ab} = ω^{ab} − 1 2 ( ė^{[a}e^{b]i} + e^{ai}e^{bj} ∂_{[i}V_{j]} ) du , ω̂^{a−} = 1 2 ė^a_i dx^i + 1 2 ė^b_i e^{ai}e_b − 1 2 ( ∂_iF − 2V̇_i ) e^{ai}du − 1 2 e^{ai}∂_{[i}V_{j]}dx^j , (2.3)

– 2 – where the dot stands for partial derivatives with respect to u, and ω^{ab} is the spin connection for g_{ij} (u, x). The Killing spinor equation for purely gravitational backgrounds is ∂_μϵ + 1 4 ω̂^{AB}_μ Γ_{AB}ϵ = 0 , A = (+, −, a) . (2.4)

We will now assume that the transverse background with metric g_{ij} (u, x), where u is treated as a parameter, satisfies the Killing spinor equation ∂_iϵ + 1 4 ω^{ab}_i Γ_{ab}ϵ = 0 , (2.5)

which has non-trivial solutions provided a closed set of projections, involving products of Gamma-matrices, are imposed on the Killing spinor. Hence, in this way, a certain fraction of supersymmetry will be preserved according to the choice of transverse metrics g_{ij} (u, x). In addition, with the help of these projections the Killing spinor satisfying (2.5) will be left invariant under the action of the holonomy group of this manifold G ∈ SO(D − 2).

In order to solve (2.4) we further impose the additional projection

Γ^+ϵ = 0 , (2.6)

and simultaneously require that the deviation of ω̂^{ab} from the transverse space connection ω^{ab} is proportional to a matrix Λ^{ab}, such that the net result on the Killing spinor is zero. Namely, we define Λ^{ab} = ė^{[a}_i e^{b]i} + e^{ai}e^{bj} ∂_{[i}V_{j]} (2.7) and demand that Λ_{ab}Γ^{ab}ϵ = 0 . (2.8) In order for the last condition to be satisfied the left hand side should be a linear combination of the bilinears in Gamma-matrices that act as projection operators on the spinor, and guarantee the existence of the Killing spinor corresponding to the transverse space metric g_{ij} . The equivalent relation to (2.7),

Λ_{ab}e^a_i e^b_j = ∂_{[i}V_{j]} − ė^a_{[i}e^a_{j]} , (2.9)

will also prove useful. Then from the Killing spinor equation (2.4) and the spin connection (2.3) we can see that the manifold (2.1) will preserve half of the supersymmetries preserved by compactifications along g_{ij} (u, x). The Killing spinor will therefore be the same as that solving equation (2.5), and in particular ∂_uϵ = 0. We must emphasize that it is highly non-trivial that we may introduce a u-dependence in the transverse metric basis e^a_i such that with an appropriate choice of a set of functions V_i a matrix Λ^{ab} exists, such that the condition (2.8) is satisfied.

In general, from the integrability condition of the Killing spinor equation (2.4) it follows that R̂_{AB}R̂_{AC} η^{BC} ϵ = 0 , ∀ A , (2.10)

which, is the condition for a Ricci-null manifold. Unlike the euclidean case, in the lorentzian one this does not automatically imply Ricci-flatness, i.e. that R̂_{AB} = 0, ∀ A, B. Indeed, specializing in (2.10) to the cases A = a and A = + we find that R̂_{ab} = R̂_{a+} = 0, but there is no information on the component R̂_{++}.

– 3 –

Returning to our metric ansatz (2.1), the vanishing of R̂_{ab} is apparent from the fact that ω̂^{a+} = 0 and that R_{ab} = 0 by the assumption (2.5) for a supersymmetric transverse metric g_{ij} . However, the vanishing of R̂_{a+} occurs in a non-trivial way as it involves properties of the matrix Λ^{ab} and, in particular, (2.8). Hence, we find it worth to present some necessary steps. First, using the spin connection we obtain the following explicit expression

R̂_{a+} = ω̇^{ab}_i e^i_b + 1 2 e^i_b D_iΛ_a^b , (2.11)

where we remind the reader that the covariant derivative D_iΛ_a^b contains the spin connection ω^{ab}. Then by taking the u-derivative of the Killing spinor equation (2.5) we have

ω̇^{ab}_i Γ_{ab}ϵ = 0 . (2.12)

Let us now contract this relation with e^{ic}Γ_c, and use Γ_cΓ_{ab} = Γ_{cab} − Γ_{[a}δ_{b]c}. This gives

ω̇^{cb}_i e^i_cΓ_bϵ = − 1 2 ω̇^{ab}_i e^{ic}Γ_{abc}ϵ = 1 4 e^{ia}D_iΛ^{bc}Γ_{abc}ϵ , (2.13)

where the last step follows after several algebraic manipulations using the explicit expression of the spin-connection in terms of the frame basis components e^a_i together with the condition (2.9). Then we have

R̂_{a+}Γ^aϵ = −1 4 e^{ia}D_iΛ^{bc}Γ_{abc}ϵ + 1 2 e^i_bD_iΛ^{ab}Γ_aϵ = − 1 4 e^{ia}Γ_a(D_iΛ^{bc}Γ_{bc}ϵ) = 0 . (2.14)

The last equality follows from the Killing spinor equation (2.5) in combination with condition (2.8). From the above it easily follows that R̂_{a+} = 0.

We have seen that Ricci-flatness demands setting the R̂_{++} component to zero. This will provide a second order differential equation for F , which is found to be

D^2_g F = 2g^{ij} D_iV̇_j − 2e^i_aë^a_i − 2ė^a_i e^{bi}Λ^{ab} + 1 2 Λ^{ab}Λ_{ab} , (2.15)

where we have made use of (2.7), and D^2_g is the laplacian corresponding to the metric g_{ij} (u, x), in which u is treated as a parameter.

The holonomy group of the metric (2.1) is contained in G ⋉ R^{D−2} , which will be generated by bilinears in the Gamma-matrices of the form J^{ab} = M^{ab}_{cd}Γ^{cd} and J^a = Γ^{a+}. The constants M^{ab}_{cd} help to project the generators Γ^{ab} of SO(D − 2) into the independent generators J^{ab} of the Lie algebra of G . The J^a’s commute among themselves due to the nilpotency of Γ^+ and form a closed set under the commutator with J^{ab}, with M^{ab}_{cd} providing the necessary structure constants.

The most general way to introduce a time-dependence is to promote the moduli parameters of the transverse space metric g_{ij} (u, x), arising as integration constants in solving the Killing spinor equations (2.5), into arbitrary functions of the variable u. The appearance of the moduli parameters in a solution is ultimately related to its regularity and to the amount of symmetry that it preserves. Our method provides a dynamical way to change the symmetry and singularity structure of a given solution that is controllable and also consistent with supersymmetry.

– 4 –

There has been in the past works where some solutions of low energy effective string theory were reinterpreted as if they were originating from solutions in one less dimension, in which some moduli parameters were made to depend on the extra dimension (see, for instance, [5]–[8]). Here we have required that the original solution is supersymmetric and moreover that a fraction of supersymmetry is preserved when the moduli parameters depend on the extra coordinates. It is this important extra ingredient that makes it necessary, as the minimal choice, that the moduli parameters are functions of the light-cone time, instead of just the additional ordinary time-like or space-like coordinate.

When it comes to explicit examples, in this paper we will be mainly interested in cases where a u-dependence can be introduced in the most minimal way possible. In particular, in cases where the choice V_i = 0 , Λ^{ab} = 0 , (2.16)

can be made, and only the function F remains to be determined. Then conditions (2.7)- (2.9) simplify to ė^{[a}_i e^{b]i} = 0 ⇐⇒ ė^a_{[i}e^a_{j]} = 0 , (2.17)

while equation (2.15) reduces to D^2_g F = −2e^i_aë^a_i . (2.18)

Even within this subclass we may make yet another simplification, which nevertheless leads to non-trivial results. Namely, by introducing the u-dependence only in the overall length scale, which then becomes dynamical. In particular, if e^a_i (u, x) = Ω(u)ẽ^a_i (x), the condition (2.17) is trivially satisfied and (2.18) becomes

D^2_{g̃} F = −2(D − 2)ΩΩ̈ . (2.19)

In the appendix we will construct an example where the minimal choice (2.16) is not valid and instead the method we have presented has to be used in its full generality.

3. Supersymmetric waves with lorentzian holonomy

For definiteness, we will now present some particular examples corresponding to manifolds with lorentzian holonomy group in various dimensions. We will first construct sixdimensional metrics with SU(2)⋉R^4 holonomy, by taking the transverse metric g_{ij} (u, x) to have SU(2) holonomy. Subsequently, we will construct examples in eight and nine dimensions having SU(3) ⋉ R^6 and G_2 ⋉ R^7 holonomy, respectively. Ten-dimensional manifolds with SU(4) ⋉ R^8 and Spin(7) ⋉ R^8 holonomy can be constructed along the same lines, but we will not describe them here.

3.1 Six dimensions

Let us first consider a six-dimensional case preserving 1/4 of the maximal number of supercharges. Now g_{ij} (u, x) must be a four-dimensional hyper-Kähler manifold, with SU(2) holonomy group. In the appendix we will consider a general multi-center solution, but in

– 5 – this section we will simply take the four-dimensional seed solution with, generically, SU(2) isometry, ds^2_4 = f^2(r)dr^2 + a^2_1(r)σ^2_1 + a^2(r)σ^2 + a^2_3(r)σ^2_3 , (3.1)

where it is particularly convenient to choose the function f = a_1a_2a_3, and where σ_i are left-invariant Maurer-Cartan SU(2) 1-forms taken to satisfy dσ_i = 1 2 ϵ_{ijk}σ_j ∧ σ_k . (3.2)

Using the natural frame

e^i = a_iσ_i , i = 1, 2, 3 , e^4 = fdr (3.3)

and imposing on the spinor the projection

Γ_4ϵ = −Γ_{123}ϵ , (3.4)

one finds that the metric ansatz (3.1) breaks 1/2 of the maximal supersymmetry and the functions a_i satisfy a non-linear system of equations which was first derived by imposing the self-duality condition for the Riemann curvature for the class of metrics (3.1) in [9]. This is the (euclidean) Euler system if the Killing spinor is a constant, and the Halphen system when the Killing spinor depends on the SU(2) group manifold variables.

Introducing the u-dependence we will obtain a six-dimensional solution with metric

ds^2_6 = 2 du dv + F (u, r)du^2 + f^2(u, r)dr^2 + a^2_1(u, r)σ^2_1 + a^2(u, r)σ^2 + a^2_3(u, r)σ^2_3 , (3.5)

where we have already restricted in our ansatz to a function F that is independent of the SU(2) group manifold variables. Then (2.18) becomes

F^{′′} = −4f^2 ( ä_1 a_1 + ä_2 a_2 + ä_3 a_3 + ȧ_1ȧ_2 a_1a_2 + ȧ_1ȧ_3 a_1a_3 + ȧ_2ȧ_3 a_2a_3 ) , (3.6)

where the prime denotes the partial derivatives with respect to r. In the simpler case of an overall u-dependent length scale, a_i(u, r) = Ω(u)ã_i(r), the condition (2.19) gives

F^{′′} = −8ΩΩ̈f̃^2 , (3.7)

where now f̃ = f̃(r).

The holonomy group in general is computed by looking at the independent generators among the combinations R̂_{AB}^{CD}Γ_{CD} and making sure that they form a closed algebra. For the six-dimensional metric (3.5) the holonomy group is found to be SU(2) ⋉ R^4 and the explicit form of the independent generators is

J^i = Γ^{4i} − 1 2 ϵ_{ijk}Γ^{jk} , i = 1, 2, 3 , Γ^{a+} , a = (i, 4) . (3.8)

Note that (3.4), together with the universal projection (2.6), restricts the Killing spinor to be an invariant of the holonomy group.

Among the most important examples that can be constructed in this case are those involving the Eguchi-Hanson and the Taub-NUT metrics.

– 6 –

3.1.1 Eguchi-Hanson In this case we have [12]

a^2_1(r) = a^2(r) = m^2coth(m^2r) , a^2_3(r) =

2m^2 sinh(2m^2r)

, r ≥ 0 , (3.9)

where m is the moduli parameter. At r → ∞ there is a removable singularity of the bolt type, and the asymptotic region is located at r → 0. The lift to eleven dimensions of the static limit of this manifold is ds^2_{11} = dx^2_{1,6} +ds^2_{EH} , and corresponds to a solution describing a set of flat D6-branes. When the constant moduli parameter m is replaced by a function m(u) we have from (3.6) that

F (u, r) = 2ṁ^2 [ coth(m^2r) + m^2r sinh^2(m^2r)

− 2m^4r^2 coth(m^2r) sinh^2(m^2r) ] + +2mm̈ [ m^2r sinh^2(m^2r)

− coth(m^2r) ] , m = m(u) , (3.10)

where a function of u coming from the integration has been set to zero in order to avoid a linearly increasing behaviour of F (u, r) as r → ∞. The six-dimensional metric is regular since for large r, near the bolt, the function F ≃ 2ṁ^2 − 2mm̈ and therefore it can be absorbed by a shift of the coordinate v. Hence, the six-dimensional space near r → ∞ looks like S^2 × R^2 times the two-dimensional light-cone. In the asymptotic region at r → 0 the function F ≃ −^4_3 m^3m̈r → 0, and we get the four-dimensional euclidean space, as a cone over S^3/Z_2, times the two-dimensional light-cone. Hence we interpolate between these two spaces of different topology as the variable r exhausts its full range from r = 0 to r → ∞. This interpolation can also happen in a dynamical way if we choose for the function m(u) the following specific behaviour in the remote past and future for the light-cone time u, lim u→−∞ m = 0 , lim_{u→∞} m → ∞ . (3.11)

At the end points the symmetry group for the metric (3.5) gets enhanced, as a result of its evolution in time (light-cone). Another possibility is to have functions behaving as lim_{u→±∞} m = m_±. In that case we obtain in the remote past and remote future the direct product of the four-dimensional Eguchi-Hanson metric with the two-dimensional light-cone.^1

For the simpler situation where the u-dependence is via an overall function in the metric, Ω = Ω(u), we easily conclude from (3.7) that

F (u, r) = −4ΩΩ̈ m^2 coth(m^2r) , m = const. , (3.12)

where again a function arising from the integration has been chosen such that there is no growing behaviour in the limit r → ∞. As before near the bolt the solution looks like S^2 × R^2 times the two-dimensional light-cone. In the asymptotic region r → 0 the function F blows up as 1/r.

1Similar remarks can be made for the other explicit examples we present in this paper.

– 7 –

3.1.2 Taub-NUT The Taub-NUT metric corresponds to [13]^2

a^2_1(r) = a^2(r) =

1 + 4m^2r 4m^2r^2

, a^2_3(r) =

4m^2 1 + 4m^2r

, r ≥ 0 , (3.13)

where m is the moduli parameter. The removable nut singularity is located at r → ∞, and the asymptotic region at r → 0. For the case where the constant moduli parameter m is replaced by a function m(u) we conclude from (3.6) that F (u, r) = mm̈ − 3ṁ^2 6m^4r^2

, m = m(u) . (3.14)

When the u-dependence is via an overall function in the metric, from (3.7) we obtain F (u, r) = −ΩΩ̈ ( 4 r + 1 3m^2r^2 ) , m = constant , (3.15)

where again in both cases a function of u arising from the integration has been chosen such that there is no growing behaviour as r → ∞. In both cases the function F vanishes near the nut singularity as r → ∞, and blows up asymptotically when r → 0.

3.2 Eight dimensions

A family of metrics with SU(3) ⋉ R^6 holonomy, preserving 1/8 supercharges, arises when g_{ij} (u, x) is a Calabi-Yau threefold with SU(3) holonomy group. The six-dimensional seed solution that we will employ has the form

ds^2_6 = f^2(r)dr^2 + a^2_1(r)(σ^2_1 + σ^2 ) + a^2(r)(σ̂^2_1 + σ̂^2) + b^2(r)(σ_3 + σ̂_3)^2 , (3.16)

where σ_i and σ̂_i, with i = 1, 2, are now triplets of Maurer-Cartan 1-forms on a two-sphere, normalized so that they again obey (3.2). Using the natural frame

e^i = a_1σ_i , e^î = a_2σ̂_i , i = 1, 2 , e^3 = b(σ_3 + σ̂_3) , e^4 = fdr , (3.17)

and imposing the two projections (see, for instance, [15])

Γ_{12}ϵ = Γ̂_{12}ϵ = −Γ_{34}ϵ , (3.18)

one finds a set of differential equations for the coefficients, and the metric (3.16) breaks 1/4 of the maximal supersymmetry. The explicit solution is the so-called resolved conifold metric [16] with

a^2_1(r) = r^2 + 6a^2 6 , a^2(r) = r^2 6 , f^2(r) = r^2 + 6a^2 r^2 + 9a^2

, b^2(r) = r^2 9f^2(r)

. (3.19)

2The holonomy of the purely geometrical solution constructed by combining a wave with the Taub-NUT space [10, 11] has been worked out in [14].

– 8 –

The limit a → 0 corresponds to the singular conifold. The u-dependent eight-dimensional metric will then be

ds^2_8 = 2 du dv + F (u, r)du^2 + f^2(u, r)dr^2 + a^2_1(u, r)(σ^2_1 + σ^2) + +a^2(u, r)(σ̂^2_1 + σ̂^2 ) + b^2(u, r)(σ_3 + σ̂_3)^2 , (3.20)

where again the function F is taken to be independent of the SU(2) group manifold variables. From the condition (2.18) we now get the differential equation ( f^{−1}a^2_1a^2bF^′ )_′ = −2fa^2_1a^2b (¨ f f + 2 ä_1 a_1 + 2 ä_2 a_2 + b̈ b ) . (3.21)

When the resolved conifold moduli is replaced by a u-dependent function, a = a(u), we obtain from (3.21) and (3.19) the explicit solution F (u, r) = −27 a^2ȧ^2 r^2 + 9a^2

− 3(ȧ^2 + aä) ln(r^2 + 9a^2) , (3.22)

where a function of u arising from the integration has been chosen so that there is no 1/r^2 term.

When the u-dependence comes through a conformal factor, the differential equation for F (2.19) simplifies to ( f^{−1}a^2_1a^2bF^′ )_′ = −12ΩΩ̈fa^2_1a^2b . (3.23)

q Using (3.19) we can solve for F to obtain

F (u, r) = −ΩΩ̈r^2 − c(u) 18a^2r^2 + c(u) 162a^4 ln ( 1 + 9a^2 r^2 ) , (3.24)

where c(u) is a function arising from the integration.

The holonomy group of the metric (3.20) is SU(3) ⋉ R^6 , and the explicit form of the independent generators is found to be

J_1 = Γ_{^12} + Γ_{1^2} , J_2 = Γ_{2^2} + Γ_{1^1} , J_3 = Γ_{^1^2} − Γ_{12} , J_4 = Γ_{42} + Γ_{13} , J_5 = Γ_{23} − Γ_{41} , J_6 = Γ_{3^1} − Γ_{4^2} , J_7 = Γ_{4^1} − Γ_{^23} , J_8 = 3^{−1/2}(2Γ_{43} − Γ_{12} − Γ_{^1^2}) , (3.25)

together with Γ^{a+}. We can easily verify that the projections (3.18) and (2.6) guarantee that the Killing spinor is an invariant of the holonomy group.

3.3 Nine dimensions

Let us now take g_{ij} (u, x) to be a seven-manifold of G_2 holonomy, with an SU(2) × SU(2) isometry. The seed solution will be the seven-dimensional metric ansatz

ds^2_7 = dr^2 + 3∑ i=1 a^2_i (r)σ^2_i + 3∑ i=1 b^2_i (r) ( Σ_i + c_i(r)σ_i

)_2 , (3.26)

– 9 – where the σ_i’s and Σ_i’s are two different sets of SU(2) Maurer-Cartan 1-forms obeying the normalization condition (3.2). Using the natural frame

e^i = a_iσ_i , e^î = b_i(Σ_i + c_iσ_i) , e^7 = dr , i = 1, 2, 3 , î = i + 3 , (3.27)

and imposing the three independent projections (see, for instance, [15]–[19])

Γ_{ij} ϵ = −Γ_{îĵ} ϵ , Γ_7ϵ = −Γ_{^1^2^3}ϵ , (3.28)

one finds a first order system of coupled differential equations for the coefficients, and the metric (3.16) breaks 1/8 of the maximal supersymmetry. The functions c_i are not independent: they are given as rational functions of the a_i’s and b_i’s (for details see equations (30) and (31) of [18]). In particular, a useful property of the c_i’s is that they do not scale when all functions a_i and b_i are scaled by the same factor. Allowing now all functions to depend on the light-cone time u we obtain an M-theory vacuum preserving 1/16 supercharges, with non-trivial nine-dimensional metric with G_2 ⋉ R^7 holonomy group given by

ds^2_9 = 2 du dv + F (u, r)du^2 + dr^2 + 3∑ i=1 a^2_i (u, r)σ^2_i + 3∑ i=1 b^2_i (u, r) ( Σ_i + c_i(u, r)σ_i

)_2

. (3.29)

However, applying condition (2.17) to this metric we get the constraint

∑_3 i=1 a_iċ_i b_i = 0,

which is satisfied when ċ_i = 0, for i = 1, 2, 3. In particular we can make the functions c_i independent of u by allowing only u-dependence as an overall factor in the metric, because, as mentioned before, they do not scale when we scale all the coefficients a_i and b_i by the same factor. An exception to this is the round case where all a_i are equal to each other, and similarly for the functions b_i, since then c_i = −1/2, for i = 1, 2, 3. This is the manifold we will consider in detail.^3

In the round case the isometry group of g_{ij} develops an additional SU(2) factor, and the form of the coefficients in (3.29) is explicitely known [20]. In this case, promoting the moduli parameter into a function of u, we have

ds^2_9 = 2 du dv + F du^2 + ( 1 − ρ^3_0(u) ρ^3 )_{−1} dρ^2 + ρ^2 12 3∑ i=1 σ^2_i + ρ^2 9 ( 1 − ρ^3_0(u) ρ^3

)_3∑ i=1 ( Σ_i − 1 2 σ_i )_2 , (3.30) and from equation (2.18) we can solve for F . We find that

F^′ =

6ρ^4 (ρ^3 − ρ^3_0(u))^2 ∂_u ( ρ^2_0 ρ̇_0 ) + c(u)ρ^3 (ρ^3 − ρ^3_0(u))^2

, (3.31)

where c(u) arises from the integration. The form of F (u, ρ) can be readily obtained from (3.31), but it is a complicated expression and we will not present it here.

3It would be interesting to investigate if the general metric (3.26) is consistent with supersymmetry and remains a vacuum solution by employing the general construction via (2.1) and (2.7), that has non-vanishing Vi and Λ^{ab}. On the contrary, the metrics in [21] with an SU(2) × SU(2) × Z2 isometry, although not in the class of metrics (3.26), can be employed to construct, within the minimal choice (2.16), a nine-dimensional manifold with lorentzian holonomy.

– 10 –

If we consider instead the case where all u-dependence in the metric is through a conformal factor we find that F (u, r) = − 7 12 ΩΩ̈ [ 3ρ ( ρ + 2ρ^3_0 ρ^2 + ρ_0ρ + ρ^2_0 ) − 4 √ 3ρ^2_0 tan^{−1} ( 2ρ + ρ_0 √ 3ρ_0 )] , (3.32)

where an integration constant has been chosen such that F remains finite as ρ → ρ_0.

We finally note that the generators of the holonomy group G_2 ⋉ R^7 , labeled according to (3.27), are given by

Γ_{ij} + Γ_{îĵ} , Γ_{iĵ} − Γ_{îj} , 2Γ_{7i} + ϵ_{ijk}Γ_{jk̂} , 2Γ_{7î} +^1_2 ϵ_{ijk}(Γ_{jk} − Γ_{ĵk̂}) , Γ_{1^1} − Γ_{2^2} , Γ_{2^2} − Γ_{3^3} . (3.33)

together with Γ^{a+}. The generators of the G_2 algebra as bilinears of the Gamma-matrices are in agreement with a similar expression in [22]. In addition, up to overall rescalings, these can be assembled in

J^{ab} = Γ^{ab} + 1 4 ψ_{abcd}Γ^{cd} , J^a = Γ^{a+} , (3.34)

where ψ_{abcd} is the 4-index G_2-invariant tensor constructed as the dual of the octonionic structure constants [23].^4 Let us also note that the projections (3.28), together with (2.6), imply that the Killing spinor is indeed invariant under the action of the holonomy group.

4. Conclusions

In this paper we have presented a systematic approach to Ricci-null manifolds with reduced lorentzian holonomy group. The manifolds that we have constructed are supersymmetric waves in six, eight and nine dimensions, with a transversal riemannian metric and explicit dependence on the light-cone time. An interesting feature of our metrics, when the temporal dependence arises from variable moduli parameters, is that as the light-cone time evolves their isometry group can be modified.

We have only covered purely gravitational solutions to the equations of motion of eleven-dimensional supergravity. A more precise understanding of M-theory requires a complete picture of all possible supersymmetric vacua, and must include configurations with non-vanishing four-form flux. In the presence of background flux an important differences arises: Killing spinors are no longer covariantly constant with respect to the Levi-Civita connection, as in the purely gravitational case, but with respect to a connection on the spin bundle, which gives rise to a generalized holonomy group [25, 26]. In fact, supersymmetric solutions with non-vanishing four-form flux are not Ricci-flat, and have already been classified (see, for instance, [27, 28, 14]). An interesting extension of the present work is the deformation of our solutions to include a non-vanishing four-form flux, along the lines of [4, 3]. The additional constraint arising from the equations of motion in this case simply

4For the comparison of (3.33) with (3.34), it is necessary to split the index a = (i,î, 7) and write the G2-tensors according to the decomposition 7 → 3 + 3 + 1 [24] (In particular, see eq. (A.4)).

– 11 – implies that the field strength four-form must be null. It is of interest to explore further our method by constructing more general solutions than the ones we have presented here including, in particular, cases where fluxes are turned on.

Acknowledgments

R.H. wishes to thank M. Blau for discussions. In addition, he acknowledges the financial support provided through the European Community’s Human Potential Programme under contract HPRN-CT-2000-00131 “Quantum Structure of Space-time”, the Swiss Office for Education and Science and the Swiss National Science Foundation.

K.S. acknowledges the financial support provided through the European Community’s Human Potential Programme under contracts HPRN-CT-2000-00131 “Quantum Structure of Space-time” and HPRN-CT-2000-00122 “Superstring Theory”, by the Greek State Scholarships Foundation under the contract IKYDA-2001/22 “Quantum Fields and Strings”, as well as NATO support by a Collaborative Linkage Grant under the contract PST.CLG.978785 “Algebraic and Geometrical Aspects of Conformal Field Theories and Superstrings” and support by the INTAS contract 03-51-6346.

D.Z. acknowledges the financial support provided through the Research Committee of the University of Patras for a “K.Karatheodory” fellowship under contract number 3022.

A. A general example in six dimensions

So far we have worked out explicit examples in various dimensions where the minimal choice (2.16) turned out to be valid. However, this is not always possible as we have seen in subsection 3.3. Let us consider now a six-dimensional class of metrics based on fourdimensional self-dual metrics with a translational Killing vector field ∂/∂τ. The general form of the metric is [13]

ds^2_4 = V (dτ + ω_idx^i)^2 + V^{−1}dx^2_i , i = 1, 2, 3 , (A.1)

where the V and ω_i, i = 1, 2, 3 obey

∂_iV^{−1} = −ϵ_{ijk}∂_j ω_k =⇒ ∂^2V^{−1} = 0 . (A.2)

Hence the most general multi-center solution for V^{−1} is

V^{−1} = V_0 + N∑ a=1 m |⃗x − ⃗x_a| . (A.3)

With the above choice, the singularities of the harmonic function V^{−1} at ⃗x = ⃗x_a correspond to removable nut singularities of the metric (A.1) provided that the variable τ has period 4πm. This is the reason that the strength m for all of these singularities has be chosen to be the same. Hence, it follows that if the constant V_0 ≠ 0 (in which case it can be normalized to 1), the space is asymptotically locally flat (ALF). If V_0 = 0 then the space is asymptotically locally euclidean (ALE), with boundary at infinity S^3/R_N , where R_N is

– 12 – a discrete subgroup of SO(4). The case of Taub-NUT we considered before corresponds to the one-center ALF space and that of the Eguchi-Hanson to the two-center ALE space. This solution preserves 1/2 of the maximal supersymmetry provided that the Killing spinor is constant and subject to the projection (3.4). Also, depending on the arrangement of the centers at ⃗x = ⃗x_a, part of the symmetry of the R^3 space spanned by the x^i’s is preserved by the metric (A.1).

According to (2.1), the ansatz for the six-dimensional metric with SU(2) ⋉ R^4 holonomy is

dŝ^2_6 = 2du dv + 2(V_idx^i + V_τ dτ)du + F du^2 + V (dτ + ω_idx^i)^2 + V^{−1}dx^2_i , (A.4)

where F , V_τ and V_i are functions of u and of the x^i’s. It is easy to see that in trying to introduce a u-dependence, the minimal choice (2.16) is not enough, since the condition (2.17) is not satisfied. Hence, we have to try and employ our method in full generality. We will use the frame basis

e^i = V^{−1/2}dx^i , i = 1, 2, 3 , e^4 = V^{1/2}(dτ + ω_idx^i) , (A.5)

and for convenience parameterize V_τ , V_i and F in terms of the functions Λ, H and Λ_i whose properties are easy to state

F = Λ + V H^2 , V_τ = V H , V_i = Λ_i + V Hω_i , i = 1, 2, 3 . (A.6)

These auxiliary functions will be determined in order to satisfy the constraints (2.7), (2.8) and (2.15). We find that, Λ and Λ_i, like V^{−1}, are harmonic functions in R^3 , namely

∂^2Λ = ∂^2Λ_i = 0 (A.7)

and in addition dV^{−1} du = ∂_iΛ_i . (A.8)

The function H is then determined from

∂_iH = ϵ_{ijk}∂_jΛ_k + ω̇_i , (A.9)

whose integrability is guaranteed from (A.2), (A.7) and (A.8). Then computing the matrix Λ^{ab} from (2.7) we find

Λ^{i4} = H∂_iV + V ϵ_{ijk}∂_jΛ_k , Λ^{ij} = V ∂_{[i}Λ_{j]} + Hϵ_{ijk}∂_kV . (A.10)

The fact that Λ^{4i} +^1_2 ϵ_{ijk}Λ^{jk} = 0, together with the projection (3.4), forces the condition (2.8) to be satisfied.

The harmonic functions Λ and Λ_i have forms similar to (A.3), with the important observation that the Λ_i’s are linked to V^{−1}, as dictated by the condition (A.8). Taking this into account we summarize the result,

V^{−1} = V_0 + N∑ a=1 m |⃗x − ⃗x_a(u)| , Λ_i = − N∑ a=1 m ẋ^i_a(u) |⃗x − ⃗x_a(u)| . (A.11)

– 13 –

Hence, we see that the fixed centers at ⃗x = ⃗x_a can move with the (light-cone time) by becoming u-dependent. In addition Λ = N∑ a=1 λ_a(u) |⃗x − ⃗y_a(u)| , (A.12)

where ⃗x = ⃗y_a represent a set of, in principle, u-dependent centers, with the strength of each center denoted by the arbitrary functions λ_a(u). We have also set the additive constants in Λ and Λ_i to zero since they can be always absorbed by shifts of the coordinate v in (2.1). Finally, the functions ω_i and H are computed using (A.2) and (A.9), respectively.

In order to investigate the properties of our metric (A.4), we have to specify the kind of motion of the centers of the harmonic functions. Let’s consider the important class of such motions where the centers of V^{−1} assume definite fixed values at the remote past and the remote future light-cone time u, when also the strengths of the centers of Λ vanish. Namely, lim u→±∞ x_a(u) = x^±_a , lim_{u→±∞} ẋ_a(u) = 0 , lim_{u→±∞} λ_a(u) = 0 , a = 1, 2, · · · , N . (A.13)

Then, regularity of the solution near the centers in the remote past and feature requires that they are distinct and all have strength m. Therefore, our six-dimensional metric interpolates between two, generally different, multi-center metrics of the form (A.1) (times the two-dimensional light-cone). Since the arrangements of these centers could be different, the symmetries preserved by the solution can also differ as well.

References

[1] M. Berger, Sur les groupes d’holonomy homogène des varietés a connection affine et des varieté riemanniennes, Bull. Soc. Math. France 83 (1955) 225.

[2] R.L. Bryant, Pseudo-riemannian metrics with parallel spinor fields and vanishing Ricci tensor, math.DG/0004073.

[3] J.M. Figueroa-O’Farrill, Breaking the M-waves, Class. and Quant. Grav. 17 (2000) 2925 [hep-th/9904124].

[4] C.M. Hull, Exact pp wave solutions of 11-dimensional supergravity, Phys. Lett. B 139 (1984) 39. [5] M. Mueller, Rolling radii and a time dependent dilaton, Nucl. Phys. B 337 (1990) 37.

[6] B.R. Greene, A.D. Shapere, C. Vafa and S.-T. Yau, Stringy cosmic strings and noncompact Calabi-Yau manifolds, Nucl. Phys. B 337 (1990) 1.

[7] E. Kiritsis and C. Kounnas, Dynamical topology change in string theory, Phys. Lett. B 331 (1994) 51 [hep-th/9404092].

[8] A.A. Tseytlin, On ’rolling moduli’ solutions in string cosmology, Phys. Lett. B 334 (1994) 315 [hep-th/9404191].

[9] G.W. Gibbons and C.N. Pope, The positive action conjecture and asymptotically euclidean metrics in quantum gravity, Commun. Math. Phys. 66 (1979) 267.

– 14 –

[10] A.A. Tseytlin, Harmonic superpositions of M-branes, Nucl. Phys. B 475 (1996) 149 [hep-th/9604035].

[11] E. Bergshoeff, M. de Roo, E. Eyras, B. Janssen and J.P. van der Schaar, Intersections involving monopoles and waves in eleven dimensions, Class. and Quant. Grav. 14 (1997) 2757 [hep-th/9704120].

[12] T. Eguchi and A.J. Hanson, Asymptotically flat selfdual solutions to euclidean gravity, Phys.

Lett. B 74 (1978) 249.

[13] G.W. Gibbons and S.W. Hawking, Gravitational multi-instantons, Phys. Lett. B 78 (1978) 430; Classification of gravitational instanton symmetries, Commun. Math. Phys. 66 (1979) 291;

T. Eguchi, P.B. Gilkey and A.J. Hanson, Gravitation, gauge theories and differential geometry, Phys. Rept. 66 (1980) 213.

[14] A. Batrachenko, M.J. Duff, J.T. Liu and W.Y. Wen, Generalized holonomy of M-theory vacua, hep-th/0312165.

[15] J.D. Edelstein and C. Núñez, D6 branes and M-theory geometrical transitions from gauged supergravity, J. High Energy Phys. 04 (2001) 028 [hep-th/0103167].

[16] P. Candelas and X.C. de la Ossa, Comments on conifolds, Nucl. Phys. B 342 (1990) 246;

L.A. Pando Zayas and A.A. Tseytlin, 3-branes on resolved conifold, J. High Energy Phys. 11 (2000) 028 [hep-th/0010088].

[17] M. Cvetič, G.W. Gibbons, H. Lu and C.N. Pope, A G_2 unification of the deformed and resolved conifolds, Phys. Lett. B 534 (2002) 172 [hep-th/0112138].

[18] R. Hernandez and K. Sfetsos, An eight-dimensional approach to G_2 manifolds, Phys. Lett. B 536 (2002) 294 [hep-th/0202135].

[19] J.D. Edelstein, A. Paredes and A.V. Ramallo, Let’s twist again: general metrics of G_2 holonomy from gauged supergravity, J. High Energy Phys. 01 (2003) 011 [hep-th/0211203].

[20] R. Bryant and S. Salamon, On the construction of complete metrics with exceptional holonomy, Duke Math. J. 58 (1989) 829;

G.W. Gibbons, D.N. Page and C.N. Pope, Einstein metrics on S^3 R^3 and R^4 bundles, Commun. Math. Phys. 127 (1990) 529.

[21] A. Brandhuber, J. Gomis, S.S. Gubser and S. Gukov, Gauge theory at large-N and new G_2 holonomy metrics, Nucl. Phys. B 611 (2001) 179 [hep-th/0106034].

[22] L. Castellani and L.J. Romans, N = 3 and N = 1 supersymmetry in a new class of solutions for d = 11 supergravity, Nucl. Phys. B 238 (1984) 683.

[23] M. Günaydin and F. Gürsey, Quark structure and octonions, J. Math. Phys. 14 (1973) 1651;

F. Gursey and C.-H. Tze, Octonionic torsion on S^7 and englert’s compactification of d = 11 supergravity, Phys. Lett. B 127 (1983) 191;

B. de Wit and H. Nicolai, The parallelizing S^7 torsion in gauged N = 8 supergravity, Nucl. Phys. B 231 (1984) 506.

[24] A. Bilal, J.-P. Derendinger and K. Sfetsos, (weak) G_2 holonomy from self-duality, flux and supersymmetry, Nucl. Phys. B 628 (2002) 112 [hep-th/0111274].

[25] M.J. Duff and J.T. Liu, Hidden spacetime symmetries and generalized holonomy in M-theory, Nucl. Phys. B 674 (2003) 217 [hep-th/0303140].

– 15 –

[26] C. Hull, Holonomy and symmetry in M-theory, hep-th/0305039.

[27] J.P. Gauntlett and S. Pakis, The geometry of d = 11 killing spinors, J. High Energy Phys. 04 (2003) 039 [hep-th/0212008].

[28] J.P. Gauntlett, J.B. Gutowski and S. Pakis, The geometry of d = 11 null killing spinors, J.

High Energy Phys. 12 (2003) 049 [hep-th/0311112].

– 16 –